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Motivation: Hidden Target Parameter

The observed response is often not the ultimate object of interest:

= air-quality sensor — pollutant concentration;
= user rating — user preference;
= wildfire count — ignition risk.

We observe a context X and a random response Y, while the instance-specific parameter
0 governing the law of Y remains hidden.

Two fundamental challenges

= No latent labels: 0 is unobserved in both history and future data.
= Non Identifiability: one response can be compatible with multiple latent parameters.

Problem Setup

Hierarchical latent variable model

X ~ Py, 0]X=x~mn(|x) (mixing distribution),
Y|[(X=x,0)~Pg(-|x) (forward model).

Goal: uncertainty set for the latent parameter

Given data D, = {(X;, Yi)}_, (6; unobserved), build an uncertainty set U, (X, +1; D) C O for
a future 0,,41 satisfying
P{0y+1 € Up(Xpns1; Dn)} = 1-a

for a new instance X, +1 and a target level a € (0,1). A prediction set for the random, instance-
specific 0,41 — not a confidence region for a fixed population parameter.

What we assume — and what we do not

(1) mixing distribution 7t(- | x) unknown;

(i1) forward family {Pg(- | x)}9ce known or evaluable.
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@ (- |X) ® Py(-|X) How to use information from (A) to construct (B) ?

From Response to Latent-Parameter Coverage

Standard conformal prediction

Given a prediction model f : X — Y, standard conformal prediction (CP) constructs a
valid set for the future response Y;;1. Given calibration data D, = {(X;, ¥;)}'_, and target
miscoverage level y € (0,1), compute nonconformity scores S; = S(Xj, Y;) and quantile

91—y = S(f(n+1)(1-y)7)- Then
Cy(x; Dp) = {y :S5(x,y) < ﬁl—y}-

Under exchangeability,
P{Yn+1 S C)/(Xn+1} @n)} >1- V-

What does each approach additionally require?

Method Target Prior-free Label-free Finite-sample
Standard CP Y41 v v e
Bayes & EmpBayes 0,41 X v X
Noisy CP 0,41 v X3 X
LatentCP 0,41 v v v

.I_

covers Y, not 0; ¥inverse estimation.

LatentCP is the only row that targets 0,41 and clears all three columns.

Geometry of the Latent Sets

Framework Overview
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Figure: Gray shading is the true latent density (evaluation only). LatentCP is the only method valid across all four cases.

Coverage vs. Efficiency

LatentCP: Calibrate, Invert and Aggregate
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py(el x) = PY~P@(°|X){Y < C)/(x; @n)}/
(a) Gaussian mixture (b) Sign non-identifiability (c) Regime crossing (d) Aliased spikes

Keep O only when it is sufficiently compatible, i.e., it puts at most i/« of its probability outside C,,.
Figure: Coverage versus normalized set size at 1 — a = 0.9. All LatentCP variants attain nominal coverage across four
inverse-problem stress tests. Among valid methods, optimized multi-y aggregation yields the smallest sets.

Uy(x;y) = {6 €O : py(G,x) > 1 — %}

Step 3 — Multilevel Mi A ti o o o o o .
P TR e s s on California Wildfires Application

Any choice of y € (0,a) gives a valid set, but the size of U,(x;y) can vary dramatically with .
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We consider a randomized miscoverage level y ~ v defined over I' C (0, @). Define the normalized

For spatial unit s and period ¢, the fire count follows the forward model
incompatibility score:

Ys ¢ | (Xs,¢, As t) ~ Poisson(As tAs t),

1 -py(6,x)
A where A; ; is the latent fire intensity and A, ; is exposure.

ey(0,x) =

a0 = [e0,0d0)

and consider the latent set U,(x; v) that aggregates over y and seek to minimize its expected size:

U, (x;v) = {6 €®: e,(0,x) < %}, v* € arg min B[|U,(X,,+1;v)]]-

v = 0, recovers the single-level set.

Annual fire intensity
per 1,000 km?

Theoretical Guarantees

Validity theorem. If {(X, Gi)}?:ll are exchangeable with Y; ~ Pg,(- | X;) conditionally independent,
and v is fixed independently of the calibration sample and the test point, then

P{en+1 € Ua(X41; V)} > 1-a.

Distribution-free in 77; finite 7; no latent labels. With v = 6,, this covers the single-level construction.
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Figure: Upper and lower endpoints and set widths reveal spatial variation in latent fire-intensity uncertainty.
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Sandwich proposition. For I' = {y, ...
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Figure: Response and latent uncertainty sets across spatial cells, ordered by fitted intensity. C, targets future fire counts,
whereas U, targets latent fire intensity.
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